of a new approach to investigate different problems for descriptor systems since many previous results for descriptor systems are based on decomposed subsystem parameters or subspace constraints. Moreover, the techniques used in this technical note are algebraically graceful and some results have their own independent interests, which may have applications in other control problems.
I. INTRODUCTION
Flexible systems with force control and collocated velocity measurement lead to positive real transfer functions. This class of systems is very well studied. The case of collocated position measurement has received far less attention. An important recent contribution to the latter situation was the introduction of the concept of a negative imaginary transfer function [1] - [3] . Many flexible systems (such as beams, strings and plates) are best described by partial differential equations and are therefore infinite-dimensional systems. These are not covered by the current theory on negative imaginary functions. In this article we investigate in how far the existing theory on negative imaginary functions generalizes to infinite-dimensional systems. The for applications most relevant case is that of second order systems with force control and collocated position measurement interconnected with finite-dimensional controllers of the same form, and we restrict ourselves to this case. We make extensive use of existing theory of second order infinite-dimensional systems, see, e.g., [4] for an extensive discussion and bibliography of such systems. The paradigmatic example in this article is the following wave equation with boundary force control and collocated position measurement (see, e.g., [5, Chapter 9 ] and see [6] for the similar situation involving a beam equation) w tt (x; t) = w xx (x; t); w x (0; t) = u(t); w(1; t) = 0; y(t) = 0 w(0;t):
Here w(x; t) denotes the displacement at position x 2 [0; 1] and time t 0. This can be written in an abstract second order operator-theoretic form as (the details are in Section IV) wp(t) + Kpwp(t) = Gpu(t); y(t) = G 3 p wp(t) (1) where the state space is infinite-dimensional. Systems of this form, but with a finite-dimensional state space, are shown in the theory of negative imaginary systems to be stabilized by a finite-dimensional controller of the form w c (t) + D c _ w c (t) + K c w c (t) = G c y(t); u(t) = G under some assumptions on the controller parameters [7, Theorem 1], [8] . Stabilization means here that the closed-loop A-matrix which appears in the first order form of the closed-loop system is Hurwitz. We show that -under essentially the same conditions as in the finite-dimensional case-in the infinite-dimensional case the closed-loop system is asymptotically stable, but not necessarily exponentially stable (the eigenvalues are in the left half-plane, but can converge to the imaginary axis). If we add an input disturbance to the plant (i.e., replace u in (1) by u+d) and consider the transfer function from this input disturbance to the output y of the plant, then contrary to the finite-dimensional case, this transfer function is generally not stable.
II. ABSTRACT SECOND ORDER SYSTEMS
We review the set-up of abstract second order infinite-dimensional systems in the special case of bounded damping operators (a more general case can be found in, e.g., [4] ). How the above wave equation fits into this framework is explained in Section IV.
The second order equation that we consider is w(t) + D _ w(t) + Kw(t) = Gu(t); y(t) = Hw(t):
The stiffness operator K is assumed to be a densely defined nonnegative self-adjoint operator on the Hilbert space with a bounded in- 
which is a bounded operator on the state space.
III. ASYMPTOTIC STABILITY OF THE CLOSED-LOOP SYSTEM
For the plant w p (t) + K p w p (t) = G p u(t); y(t) = G 3 p w p (t) we make the assumptions of Section II (with D = 0) and denote the corresponding spaces with a superscript p. We further assume that the input and output spaces are finite-dimensional. For the controller wc(t) + Dc _ wc(t) + Kcwc(t) = Gcuc(t); yc(t) = G 3 c wc(t) we assume that D c and K c are positive self-adjoint operators on the finite-dimensional space c . Naturally, the input space of the controller equals the output space of the plant and the output space of the controller equals the input space of the plant. This makes the controller a very special case of the abstract second order systems of Section II.
The interconnected system (with u = y c + d and u c = y) then has the second order representation to .
For now we disregard the control and observation operators of this closed-loop system and concentrate on the state operators (we return to the control and observation operators in the example in Section IV). For the closed-loop system to fit into the abstract second order framework of Section II, we need K to be nonnegative self-adjoint with a bounded inverse on p 2 c . The following lemma provides a necessary and sufficient condition for this. It involves the dc loop gain condition known in the theory of negative imaginary systems [2] , [3] , [7] , [8] .
The transfer function of a system is denoted by with the relevant subscript (p for the plant, c for the controller). This is equivalent to
which in turn is equivalent to the spectral radius condition
The ordering of operators is irrelevant for the spectral radius of a product (so long as the involved products make sense), so that the above condition is equivalent to so that p is unobservable for the plant. It follows that p = 0 because the plant is assumed to be approximately observable. We conclude that = 0, which is a contradiction. We conclude that A has no eigenvalues on the imaginary axis. We note that in the finite-dimensional case, the above eigenvalue result implies stability. In the infinite-dimensional case, it does not [13, Example 5. The example in the next section shows that the closed-loop semigroup need not be exponentially stable under the conditions of Theorem 2 and that the closed-loop system need not be input-output stable under the conditions of Theorem 2 either.
IV. AN EXAMPLE
We return to the example of a wave equation with force control and position measurement introduced in the introduction wtt(x; t) =wxx(x; t); wx(0;t) = u(t); w(1;t) = 0; y(t) = 0 w(0;t):
This can be written in abstract second order operator-theoretic form as wp(t) + Kpwp(t) = Gpu(t); y(t) = G w tt (x; t)= w xx (x; t); w x (0;t)= 0; w(1;t) = 0; w(0;t)=0 which has only the zero solution (e.g., by Laplace transforming in t and then considering it as an initial value problem in x with zero initial conditions at x = 0 By keeping only the asymptotically largest term on the right hand-side, we obtain the asymptotic equation 0e 2s = 1, which has as solutions the eigenvalues of the open-loop system s n := =2i + ni. It can be easily shown (e.g., using the method described in [15] or in a more elementary way by an application of Rouché's theorem) that n 0s n ! 0, so that Re n ! 0 as n ! 1. Hence the closed-loop system is not exponentially stable.
V. CONCLUSION
We have shown that-at least for second order systems with force control and position measurement and for finite-dimensional controllers of the same type-negative imaginary stability theory carries over to the infinite-dimensional case if stability is understood as asymptotic stability, but not if it is understood as exponential stability or as input-output stability.
